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LOWER BOUNDS FOR THE COMPLEX POLYNOMIAL HARDY–LITTLEWOOD
INEQUALITY
GUSTAVO ARAU´JO AND DANIEL PELLEGRINO
Abstract. The Hardy–Littlewood inequality for complex homogeneous polynomials asserts that given positive
integers m ≥ 2 and n ≥ 1, if P is a complex homogeneous polynomial of degree m on ℓnp with 2m ≤ p ≤ ∞ given by
P (x1, . . . , xn) =
∑
|α|=m aαx
α, then there exists a constant Cpol
C,m,p
≥ 1 (which is does not depend on n) such that

 ∑
|α|=m
|aα|
2mp
mp+p−2m


mp+p−2m
2mp
≤ Cpol
C,m,p
‖P‖ ,
with ‖P‖ := supz∈Bℓnp
|P (z)|. In this short note, among other results, we provide nontrivial lower bounds for the
constants Cpol
C,m,p
. For instance we prove that, for m ≥ 2 and 2m ≤ p <∞,
Cpol
C,m,p
≥ 2
m
p
for m even, and
Cpol
C,m,p
≥ 2
m−1
p
for m odd. Estimates for the case p = ∞ (this is the particular case of the complex polynomial Bohnenblust–Hille
inequality) were recently obtained by D. Nun˜ez-Alarco´n in 2013.
1. Introduction
Let K denote the field of real or complex scalars. Given α = (α1, . . . , αn) ∈ Nn, define |α| := α1 + · · ·+ αn and
xα stands for the monomial xα11 · · ·xαnn for x = (x1, . . . , xn) ∈ Kn. The polynomial Bohnenblust–Hille inequality
(see [1, 8] and the references therein) ensures that, given positive integers m ≥ 2 and n ≥ 1, if P is a homogeneous
polynomial of degree m on ℓn∞ given by P (x1, ..., xn) =
∑
|α|=m aαx
α, then ∑
|α|=m
|aα|
2m
m+1

m+1
2m
≤ Bpol
K,m ‖P‖
for some constantBpol
K,m ≥ 1 which does not depend on n (the exponent 2mm+1 is optimal), where ‖P‖ := supz∈Bℓn
∞
|P (z)|.
The search of precise estimates of the growth of the constants Bpol
K,m is fundamental for different applications and
remains an important open problem (see [7] and the references therein). For real scalars it was shown in [9] that
(1.17)
m ≤ Bpol
R,m ≤ C(ε) (2 + ε)m ,
where C(ε) (2 + ε)
m
means that given ε > 0, there is a constant C (ε) > 0 such that Bpol
R,m ≤ C(ε) (2 + ε)m for all
m. In other words, for real scalars the hypercontractivity of Bpol
R,m is optimal. For complex scalars the behavior of
B
pol
K,m is still unknown. The best information we have thus far about B
pol
C,m are due D. Nu´n˜ez-Alarco´n [14] (lower
bounds) and F. Bayart, D. Pellegrino and J.B. Seoane-Sepu´lveda [7] (upper bounds)
B
pol
C,m ≥

(
1 +
1
2m−1
) 1
4
for m even;
(
1 +
1
2m−1
)m−1
4m
for m odd;
B
pol
C,m ≤ C(ε) (1 + ε)m .
The natural extension to ℓp spaces of the polynomial Bohnenblust–Hille inequality is called polynomial Hardy–
Littlewood inequality (see [2, 13, 15] and the references therein). More precisely, given positive integers m ≥ 2
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and n ≥ 1, if P is a homogeneous polynomial of degree m on ℓnp with 2m ≤ p ≤ ∞ given by P (x1, . . . , xn) =∑
|α|=m aαx
α, then there exists a constant Cpol
K,m,p ≥ 1 (which does not depend on n) such that ∑
|α|=m
|aα|
2mp
mp+p−2m

mp+p−2m
2mp
≤ Cpol
K,m,p ‖P‖ ,
with ‖P‖ := supz∈Bℓnp |P (z)|. Using the generalized Kahane–Salem–Zygmund inequality (see, for instance, [1]) we
can verify that the exponents 2mp
mp+p−2m are optimal for 2m ≤ p ≤ ∞. When p = ∞, since 2mpmp+p−2m = 2mm+1 , we
recover the polynomial Bohnenblust–Hille inequality. In a more genreal point of view this kind of results can be
seen as coincidence results of the theory of absolutely summing operators (see [11]).
Very recently, the authors in collaboration with P. Jime´nez-Rodriguez, G.A. Mun˜oz-Ferna´ndez, D. Nu´n˜ez-
Alarco´n, J.B. Seoane-Sepu´lveda and D. M. Serrano-Rodr´ıguez (see [3]) proved that for real scalars and m ≥ 2,
the constants of the polynomial Hardy–Littlewood inequality has at least an hypercontractive growth. More pre-
cisely, it was proved that, for all positive integers m ≥ 2 and all 2m ≤ p <∞,(
16
√
2
)m
≤ 2m
2p+10m−p−6m2−4
4mp ≤ Cpol
R,m,p ≤ CmultR,m,p
mm
(m!)
mp+p−2m
2mp
,
where Cmult
R,m,p are the constants of the real case of the multilinear Hardy-Littlewood inequality (for estimates of
these constants see [4, 5]).
In the case of complex scalars (and concerning upper bounds) similar results were proved (see [3]):
1 ≤ Cpol
C,m,p ≤ CmultC,m,p
mm
(m!)
mp+p−2m
2mp
.
However, there are no lower bounds for Cpol
C,m,p that gives us nontrivial information. In this note we provide nontrivial
lower bounds for the constants of the complex case of the polynomial Hardy–Littlewood inequality. More precisely
we prove that, for m ≥ 2 and 2m ≤ p <∞,
C
pol
C,m,p ≥ 2
m
p
for m even, and
C
pol
C,m,p ≥ 2
m−1
p
for m odd. For instance, √
2 ≤ Cpol
C,2,4 ≤ 3.1915.
2. The result
Let m ≥ 2 be an even positive integer and let p ≥ 2m. Consider the 2–homogeneous polynomials Q2 : ℓ2p → C
and Q˜2 : ℓ
2
∞ → C both given by (z1, z2) 7→ z21 − z22 + cz1z2. We know from [6, 9] that
‖Q˜2‖ =
(
4 + c2
) 1
2 .
If we follow the lines of [14] and we define the m–homogeneous polynomial Qm : ℓ
m
p → C by Qm(z1, ..., zm) =
z3 . . . zmQ2(z1, z2) we obtain
‖Qm‖ ≤ 2−
m−2
p ‖Q2‖ ≤ 2−
m−2
p ‖Q˜2‖ = 2−
m−2
p
(
4 + c2
) 1
2 ,
where we use the obviuos inequality
‖Q2‖ ≤ ‖Q˜2‖.
Therefore, for m ≥ 2 even and c ∈ R, from the polynomial Hardy–Littlewood inequality it follows that
C
pol
C,m,p ≥
(
2 + |c| 2mpmp+p−2m
)mp+p−2m
2mp
2−
m−2
p (4 + c2)
1
2
.
If
c >
(
2
2p+4−2m
p − 2mp+p−2mmp
1− 2− 2m−4p
) 1
2
,
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it is not to difficult to prove that
2−
m−2
p
(
4 + c2
) 1
2 <
((
2
mp+p−2m
2mp
)2
+ c2
) 1
2
,
i.e.,
2−
m−2
p
(
4 + c2
) 1
2 <
∥∥∥(2mp+p−2m2mp , c)∥∥∥
2
.
Since 2mp
mp+p−2m ≤ 2, we know that ℓ 2mpmp+p−2m ⊂ ℓ2 and ‖ · ‖2 ≤ ‖ · ‖ 2mpmp+p−2m . Therefore, for all
c >
(
2
2p+4−2m
p − 2mp+p−2mmp
1− 2− 2m−4p
) 1
2
,
we have
2−
m−2
p
(
4 + c2
) 1
2 <
∥∥∥(2mp+p−2m2mp , c)∥∥∥
2
≤
∥∥∥(2mp+p−2m2mp , c)∥∥∥
2mp
mp+p−2m
=
(
2 + c
2mp
mp+p−2m
)mp+p−2m
2mp
,
from which we conclude that
C
pol
C,m,p ≥
(
2 + c
2mp
mp+p−2m
)mp+p−2m
2mp
2−
m−2
p (4 + c2)
1
2
> 1.
If m ≥ 3 is odd, since ‖Qm‖ ≤ ‖Qm−1‖, then we have ‖Qm‖ ≤ 2−
m−3
p
(
4 + c2
) 1
2 and thus we can now proceed
analogously to the even case and finally conclude that for
c >
2 2p+6−2mp − 2mp+p−2mmp
1− 2− 2m−6p

1
2
we have
C
pol
C,m,p ≥
(
2 + c
2mp
mp+p−2m
)mp+p−2m
2mp
2−
m−3
p (4 + c2)
1
2
> 1.
So we have:
Theorem 2.1. Let m ≥ 2 be a positive integer and let p ≥ 2m. Then, for every ǫ > 0,
C
pol
C,m,p ≥
2 +((2 2p+4−2mp −2mp+p−2mmp
1−2
−
2m−4
p
) 1
2
+ ǫ
) 2mp
mp+p−2m

mp+p−2m
2mp
2−
m−2
p
4 +((2 2p+4−2mp −2mp+p−2mmp
1−2
−
2m−4
p
) 1
2
+ ǫ
)2
1
2
> 1 if m is even
and
C
pol
C,m,p ≥
2 +
(2 2p+6−2mp −2mp+p−2mmp
1−2
−
2m−6
p
) 1
2
+ ǫ

2mp
mp+p−2m

mp+p−2m
2mp
2−
m−3
p
4 +((2 2p+6−2mp −2mp+p−2mmp
1−2
−
2m−6
p
) 1
2
+ ǫ
)2
1
2
> 1 if m is odd.
Howerver we have another approach to the problem, which is surprisingly simpler than the above approach and
still seems to give best (bigger) lower bounds for the constants of the polynomial Hardy–Littlewood inequality.
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Theorem 2.2. Let m ≥ 2 be a positive integer and let p ≥ 2m. Then
C
pol
C,m,p ≥

2
m
p for m even;
2
m−1
p for m odd;
Proof. Consider P2 : ℓ
2
p → C the 2–homogeneous polynomial given by z 7→ z1z2. Observe that
‖P2‖ = sup
|z1|p+|z2|p=1
|z1z2| = sup
|z|≤1
|z| (1− |z|p) 1p = 2− 2p .
More generally, if m ≥ 2 is even and Pm is the m–homogeneous polynomial given by z 7→ z1 · · · zm, then
‖Pm‖ ≤ 2−
m
p .
Therefore, from the polynomial Hardy–Littlewood inequality we know that
C
pol
C,m,p ≥
 ∑
|α|=m
|aα|
2mp
mp+p−2m

mp+p−2m
2mp
‖Pm‖ ≥
1
2−
m
p
= 2
m
p .
If m ≥ 3 is odd, we define again the m–homogeneous polynomial Pm given by z 7→ z1 · · · zm and since ‖Pm‖ ≤
‖Pm−1‖, then we have ‖Pm‖ ≤ 2−
m−1
p and thus
C
pol
C,m,p ≥
1
2−
m−1
p
= 2
m−1
p .

3. Comparing the estimates
The estimates of Theorem 2.1 seems to become better when ǫ grows (this seems to be a clear sign that we should
avoid the terms z21 and z
2
2 in our approach). Making ǫ→∞ in Theorem 2.1 we obtain
C
pol
C,m,p ≥

2
m−2
p for m even;
2
m−3
p for m odd,
which are slightly worse than the estimates from Theorem 2.2.
4. The case m < p < 2m
For the casem < p < 2m, there is also a version of the polynomial Hardy–Littlewood inequalities (see [12]): there
exists a constant Cpol
K,m,p ≥ 1 such that, for all positive integers n and all continuous m–homogeneous polynomial
P : ℓp → K given by P (x1, ..., xn) =
∑
|α|=m aαx
α we have
(1)
 n∑
|α|=m
|aα|
p
p−m

p−m
p
≤ Cpol
K,m,p ‖T ‖
and the exponent p
p−m is optimal. Using a polarization argument (as, for instance in [9]), but this procedure is
essencially folklore, we have:
Proposition 4.1. If P is a homogeneous polynomial of degree m on ℓnp with m < p < 2m given by P (x1, . . . , xn) =∑
|α|=m aαx
α, then  ∑
|α|=m
|aα|
p
p−m

p−2
p
≤ Cpol
K,m,p ‖P‖
with
C
pol
K,m,p ≤ CmultK,m,p
mm
(m!)
p−m
p
,
where Cmult
K,m,p are the constants of the multilinear Hardy-Littlewood inequality.
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With the same argument used in the proof of Theorem 2.1 we obtain similar estimates for the case m < p < 2m,
i.e.,
C
pol
C,m,p ≥

2
m
p for m even;
2
m−1
p for m odd.
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